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Abstract We construct the classical mechanics associated with a conformally flat Rie- 
mannian metric on a compact, n-dimensional manifold without boundary. The corre- 
sponding gradient Ricci flow equation turns out to equal the time-dependent Hamilton- 
Jacobi equation of the mechanics so defined. 

1 Introduction 

The Ricci flow has provided many far-reaching insights into long-standing problems 
in geometry and topology ||2T1|241 . Perhaps more surprising is the fact that it also has 
interesting applications in physics, where two important occurrences are conformal 
gravity 11251 . and the low-energy effective action of string theory [9|. Recent works 
16] |7] have shed light on applications of the Ricci flow to foundational issues in 
quantum mechanics. The present contribution is a continuation of previous research 
HI [14| Q3] [16) on the exciting interrelation between Ricci flow, quantum mechanics 
and gravity. We can state our results more precisely as follows: 

Theorem. Let Ml be a smooth, n-dimensional, compact manifold without boundary, 
endowed with a conformally flat Riemannian metric at some initial time t Q ( time is not 
a coordinate on M, but an external parameter). Then a classical mechanical system 
having M as its configuration space can be defined, such that its time-independent me- 
chanical action (Hamilton's principal function) equals the conformal factor of the ini- 
tial metric. Moreover, the corresponding gradient Ricci flow equals the time-dependent 
Hamilton-] acobi equation of the mechanical system thus defined. 

Corollary. On the manifold M, the action functional for Einstein-Hilbert gravity 
equals the sum of the action functional for Schroedinger quantum mechanics, plus 
Perelman's functional, plus the Coulomb functional (see eqns. ( 1571 ), ( 1381 ) below). 

Proofs of the theorem and of the corollary will be given in sections [3] and 2J respec- 
tively. As we will see, a key role will be played by the conformal metric we place on 
the manifold at the initial time to, when the Ricci flow starts to run. Now, in n = 2 
dimensions any metric is conformal, so the requirement of conformality is void in this 
case. Not so, however, when n > 2, where a metric need not be conformal. However, 
when the metric is conformal, it is univocally determined by the knowledge of just one 
function, called conformal factor, on the manifold M. We will see that the conformal 
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factor plays a central role in identifying the sought-for mechanical model. In principle, 
the result summarised by the above theorem holds for a classical mechanical model. 
However, quantising the latter will also allow us to work with a quantum mechanical 
model that is associated, in a canonical way, with the initial conformal metric. 

Conventions. Let a Riemannian metric g^ be given on M. In local coordinates x 1 , 
i = 1, . . . , n, the volume element dV on M equals 

dV = y/gdx 1 A--- Adx n =:^/gd n x, (1) 

where g := | dct g^\. Using the Christoffel symbols of the corresponding Levi-Civita 
connection, 

IT; = \g mh (9i9 jh + d j9hi - d h9ij ) , (2) 

the Ricci tensor reads 

Rik = diT l ik - d k T l a + T- fc r"4 - T™T l km . (3) 

Given an arbitrary smooth function ip on M, the Laplacian W 2 ip and the squared gradi- 
ent (V95) 2 have the following coordinate expressions: 

VV := -^pd r {Jgg rs d sV >) , (V^) 2 := g mn d m ^. (4) 

In n = 2 dimensions, any Riemannian metric is conformally flat; such was the case 
analysed in refs. |Q][T5]- In n > 3 dimensions, conformality of the metric is no longer 
guaranteed. Specifically |fl3l , when n = 3, a necessary and sufficient condition for 
conformality is the vanishing of the Cotton tensor; when n > 4, a necessary and suf- 
ficient condition for conformality is the vanishing of the Weyl tensor. In what follows 
we will assume that the corresponding conformality condition is always satisfied as 
the initial condition for the Ricci flow equations ( fTTT i. Then, with respect to the initial 
metric, M admits isothermal coordinates, that we continue to denote by x % and that we 
will use systematically in what follows. Therefore let the initial metric be 

9ij(h) =e~ f 6ij, (5) 

where / is a smooth real function on M, hereafter referred to as conformal factor^ We 
will see presently that the Ricci flow of the metric (O leads to the metric 

g ij {t) = e- Bt g ij (t ), (6) 

with E a constant to be identified with the energy of the mechanical system under 
construction (see (|27| | below). For the Christoffel symbols corresponding to the metric 
Q we find 

= \ {6n5 mh d h f - 5fdif - STdif) , (7) 

1 Some authors use the term conformal factor for the exponential e — f . 
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while the volume element equals 

dV = e~ nf / 2 d n x. 
A computation gives the Ricci tensor corresponding to the metric (0, 



Ri, 



2-n 



n-2 



d t d m f + 2 difdmf 



whose Ricci scalar R = g zm Ri m is 
R = (n-1) 



2-?i 



djf&>f + di&>f\. 



Moreover, for any smooth function tp we have 



V i <p=[l--)d s f&><p + d s &><p, 



(V^) 2 = (8 jV ) (Vip) 



In particular, setting <p = / we arrive at 



i) (v/) 2 



(8) 



(9) 



(10) 



(11) 



(12) 



Using (fT2l in (O and dTOb we find the following equivalent expressions for the Ricci 
tensor Ri m and the Ricci scalar R: 



R =- e - f \7 2 f5 +- - 



and 



R={n- 1) 



n-2 



: (v/) 2 + v 2 / 



(13) 



(14) 



In what follows we will find (fT3l l and (fl4l more convenient to use than their equivalents 
© and 

Compactness of M ensures the convergence of the integrals we will work with, 
without the need to impose further conditions on the integrands (such as, e.g., fast 
decay at infinity). The absence of a boundary ensures the possibility of integrating by 
parts without picking up boundary terms. 



2 Perelman's functional 



We will first present some necessary background material 12T1 I24I. Given a metric gij 
and a real scalar field <p on the manifold M, Perelman's functional, denoted T\<p, g^], 
is defined as 



(Vipf + R( 9ij ) 



dV. 



The gradient flow of T is given by the evolution equations 



9 9ij _ „, B 

~dT-- 2{Rij 



ViVjtp) , ^ = -V 2 ^ - R. 



(15) 



(16) 
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Via a time-dependent diffeomorphism, the above are equivalent to 



dg%j 
dt 



-2R 



13' 



dip 
~dt 



R. 



(17) 



We will use (T% rather than dT6b . By (O and ( fT4b we have, when the metric is confor- 
mal as in (0, 

F[tp,f\:=F[<p,gij=e- f 5 tJ ] (18) 



ip ~ nf/2 \ (Vip) 2 + (n - 1) 



n-2 



(V/) 2 +V 2 / 



In what follows we set (p = f, so the above functional simplifies to 



-(i+t)/ 



a„ (V/) 2 + 6„V 2 / 



d n z. 



d n x, 



where the coefficients a n and b n are given by 

(n- l)(n-2) 



(19) 



(20) 



Despite its nonstandard appearance, the coefficient a n of the kinetic term above is 
always positive as it should. After setting ip = f we appear to have a contradiction, 
since we have two different flow equations in (JTVj for just one field /. That there 
is in fact no contradiction can be seen as follows. In ( fT7T > we have two different flow 
equations for two independent fields / and (p. Equating the latter two fields implies that 
the two flow equations must reduce to just one. This can be achieved by substituting 
one of the two flow equations ST% into the remaining one. Thus contracting the first of 
eqns. ( fTTI ) with g lJ we find 

Iff"* 

which, substituted into the second of ( fTTI ) leads to 



21 
dt 



-v 2 / 



(V/) 2 = o. 



(22) 



We will later on find it convenient to distinguish notationally between time-independent 
and time-dependent quantities. We thus rewrite our flow equation ( f22b as 



d£ 
dt 



-V 2 / 



V/ =0, 



(23) 



where a tilde on top of the conformal factor distinguishes it from the time-independent 
/ present in the functional ( fT9l ). One can verify that (l23l is the gradient flow equation 
of the functional J-[4>], where T is given as in (fT9b above, and <f> is related to / via a 
rescaling: / 



6 — n 
4 
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3 Proof of the theorem 



In what follows we regard the manifold M as the configuration space of a mechanical 
system, to be identified presently in terms of the conformal metric. We recall that, for 
a point particle of mass rn subject to a time-independent potential U, the Hamilton- 
Jacobi equation for the time-dependent action S reads (2) 

f + iH 2+t/ = - (24) 

It is also well known that, separating the time variable as per 

S = S-Et, (25) 

with S the so-called reduced action (also called Hamilton's characteristic function), 
one obtains 

(VS) 2 + U = E. (26) 

Am 

Eqn. d25l l suggests separating variables in (|23l as per 

/ = / + Et, (27) 

where the sign of the time variable is reversecd with respect to (l2~5l l. Substituting d27l > 
into d23l leads to 

1 (W) 2 - ^—V 2 f = E (28) 



2 + n 

which, upon using ( TBI , becomes 

\ + (Om U! \ R = E - (29) 

2 (2 + — n) 

Comparing ( f29b with ( f26b and picking a value of the mass m = 1, we conclude that 
the following identifications can be made: 

S = f, U= — 2 -R. (30) 

(2 +n)(l — n) 

So the potential U is proportional to the scalar Ricci curvature of the configuration 
space M, while the reduced action S equals the conformal factor /. This identifies a 
mechanical system in terms of the metric, such that the gradient Ricci flow of the latter 
equals the time-dependent Hamilton-Jacobi equation of the former. The theorem is 
proved. 



2 This time reversal is imposed on us by the time-flow eqn. {23), with respect to which time is reversed 
in the mechanical model. This is just a rewording of (part of) section 6.4 of ref. 1241 . where a corresponding 
heat flow is run backwards in time. 
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4 Proof of the corollary 



We have so far considered the classical mechanics associated with a given conformal 
factor, but one can immediately construct the corresponding quantum mechanics, by 
means of the Schroedinger equation for the potential U. In fact the spectral problem 
for time-independent Schroedinger operators with the Ricci scalar as a potential func- 
tion has been analysed in l24l . So let us consider the time-dependent Schroedinger 
equation 

i^ = -^V 2 V^ + C/^ (3D 

which reduces to the time-dependent Hamilton-Jacobi equation d24l i upon setting ip — 
e iS/h an( j jetting h — > Q. We will hereafter use h = 1. Now OTb can be obtained as 
the extremal of the action functional 

Skp, V*] := / e"™ //2 (iip*^-- — W*W> - U^ip] d n x. (32) 
Jm \ ot 2m J 

Substitute ip = e 1 ' and m = 1 above, use eqns. ([Pil l and (1301 . and finally consider the 
stationary case d t f = 0, where / becomes /. Then (l32l l becomes 



S[f] := Sty = jf] = 



n + 2 

Given the conformal factor /, define its rescaled /„ as 

n 



(V/) 2 + V 2 /] 



(33) 



fn • 



n - 



-J- 



Then the functional dT9b , evaluated on f n , can be expressed as the following integral 
containing the original conformal factor /: 



Hfn] 



-nf/2 



(V/) 2 + 6„V 2 / 



d n x. 



On the other hand, the Einstein-Hilbert gravitational action functional Q on M is 

G\9ij] ■= [ R(9v)dV, 
Jm 

which, acting on the conformal metric (0, becomes by ([8]) and ( fT4l 

~n- 2 



^[/] :=9[g l3 {f)] = {n-l) 



if/2 



(v/r+v 2 / 



d n a;. 



Now some algebra shows that 

G[f]=nfn}+S[f]+C[f], 

where 



C[f] := 2cr, 



-nf/2 



(V/) 2 + d n V 2 f 



d n x, 



(34) 
(35) 

(36) 

(37) 
(38) 
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is the action functional for a free scalar field / coupled to a Coulomb charge placed at 
infinity [ 10 1, and the coefficients c„, d n are given by 

_n 3 ~3n 2 + n + 6 (n - 2) (ra + 2) 

dn — — ? „ 9 ; — • w") 



(n + 2) 2 ' " n 3 -3n 2 + n + 6 

The corollary is proved. 



5 Concluding remarks 

Above, the Einstein-Hilbert gravitational functional G[f], Schroedinger's action func- 
tional S[f] and the Coulomb functional C[f), as well as Perelman's entropy functional 
T\f\, are all dimensionless. Introducing Newton's constant G, Planck's constant h and 
Boltzmann's constant k restores their usual dimensions. Thus, as announced, on a com- 
pact, conformally flat Riemannian configuration space without boundary, Einstein- 
Hilbert gravity arises from Schroedinger quantum mechanics, from Perelman's func- 
tional for the Ricci flow, and from the Coulomb functional. Since our starting point 
is !F[f], the previous corollary is to be read in reverse: on a conformally flat mani- 
fold, Perelman's functional contains Einstein-Hilbert gravity and Schroedinger quan- 
tum mechanics. 

The equality / = S between the conformal factor / and Hamilton's principal func- 
tion S trivially implies = e _s , but there are some nontrivialities concealed be- 
hind. In Feynman's formulation of quantum mechanics, Feynman's kernel in Euclidean 
space is given precisely by e _s . In other words, the conformal metric e^^dij and its 
Ricci flow know about Feynman's quantum-mechanical kernel. This appears to sug- 
gest some deeper connection between the Ricci flow, gravity, quantum mechanics, and 
an approach to the latter two known as emergent quantum mechanics. Interesting links 
between geometry and quantum mechanics have been analysed in refs. ll3l [T8l[T9ll20l : 
the role of conformal symmetry and Ricci flow has been extensively studied in refs. 
H [5] |6l 17] ; the closely related emergent quantum mechanics has been dealt with in 
refs. EUSJUUEGl. 

To round up our discussion let us point out some analogies between our approach 
and those just quoted. As stressed above, our starting point is Perelman's functional 
J-[f], which is close, though not exactly identical, to the action functionals considered 
in |fT8l [19l [20l . In particular, we have only considered the phase of the wavefunction, 
reserving the amplitude for future study fT71 . Noteworthy features that our approach 
shares in common with that of lfl8l [191 l20l are the natural appearance of the Ricci 
scalar curvature as the potential function, and the key role played by conformal sym- 
metry. The issue of emergent quantum mechanics in connection with the Ricci flow has 
been touched upon in lfT4l[16| ; this is a promising research line that deserves further 
attention. 
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